What to do today ?

Part |. Introduction and Preparation

Part Il. Inference under Multivariate Normal
Distribution (Chp 4-7)

I1.1 Multivariate Normal Distribution (Chp 4)
I1.2 Inferences on Mean Vector (Chp 5)

11.3 Comparisons of Several Mean Vectors (Chp 6.1-4, 6-7)
11.3.1 Introduction (Chp 6.1)
11.3.2 Comparing Mean Vectors from Two Populations (Chp 6.2-3)

11.3.3 Comparing Several Mean Vectors and Related (Chp 6.4,
6.6)
11.3.3 Two-Way Multivariate Analysis of Variance (Chp 6.7)

1.4 Multivariate Linear Regression (Chp 7)



1.3 Comparisons of Several Mean Vectors (Chp 6)

Consider g populations: Xi, ..., Xg. Suppose X; ~ MN,(u;, X))
forj=1,...,g.

» how to compare p1, ..., ug? (Chp 6.4-6)
» how about to compare p1, pp (i.e. g =2)? (Chp 6.2-3)

» what if the g groups may be looked by two ways: (/, k) for
I=1,...,aand k=1,...,b? (Chp 6.7)

the analogues of those in the univariate situations!



11.3.2 Comparing Mean Vectors from Two Populations (Chp 6.2-3)
Consider 2 populations: Xy, Xa. Suppose X; ~ MN,(p;, X;) for j = 1,2.

Goal. to compare p; and p,

Data. Xji,..., Xy, areiid observations on X1, and Xy, ..., Xz, are iid
observations on Xs.
The key idea is to use X; — Xo.
> E()_(l —)_(2) =M1~ M2
> Var(X; — Xp) = Var(X;) + Var(Xz) — 2Cov(Xy, X2)
Scenario A. X;1 X, and X1 =¥, =X
> Var(X; — X3) = Z/nl + Z/nz

> Often Spooled = nl’j:n_Z1_2S1 + n1,<1k2n_21—252 is used to estimate X.

» The T2 statistic follows the Hotelling's T2-distn

(”1+”2_2)PF .
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11.3.2 Comparing Mean Vectors from Two Populations (Chp 6.2-3)
Consider 2 populations: Xy, Xa. Suppose X; ~ MN,(p;, X;) for j = 1,2.

Goal. to compare pq and p,

Data. Xji,..., Xy, are iid observations on X1, and X1, ..., Xz, are iid
observations on Xs.
The key idea is to use X; — Xo.
> E(Xi—X2) = py — o
> Var(X; — Xp) = Var(X;) + Var(Xz) — 2Cov(Xy, X2)
Scenario B. X; 1 X; and X3 # X,
> Use S1, S, to estimate X1, X, correspondingly.
» T2's distribution is complicate if ny, ny are not large.*

> T2~ X,2; approximately if ny, no are large.

/
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11.3.2 Comparing Mean Vectors from Two Populations (Chp 6.2-3)
Consider 2 populations: Xy, Xa. Suppose X; ~ MN,(p;, X;) for j = 1,2.

Goal. to compare p; and p,

Data. Xji,..., Xy, are iid observations on X1, and X1, ..., Xpp, are iid
observations on Xs.
The key idea is to use X; — Xo.
> E()_(l —)_(2) =M1~ M2
> Var(X; — X;) = Var(X;) + Var(Xy) — 2Cov (X1, X»)
Scenario C. X; /A X;

> Given a good estimator for Var(X; — X5), denoted by Izl,,h,,z,
consider

— _ " A —1r _ _
T = [(Xl —X2) =y — uz] [”nm] [(Xl —X2) =y — uz] ?
» |f observations on the two populations X; and X, are in pairs:

(X1j, Xo;) for i =1,...,n,

change the two-population problem into a one-population problem:
D = X; — X, with iid observations D; = X;; — Xp; for i =1,...,n.



11.3.3 Comparing Several Mean Vectors and Related (Chp 6.4, 6.6)
Consider g populations: Xy,...,Xs. Suppose X; ~ MN,,FHJ-, X)) for
j=1...,g.

Goal. to compare py,. .., p,

Data. Xy, ..., Xy, are iid observations on Xy; ...; Xg1,...,Xg,, are
iid observations on X.

Test on Ho : py = ... = p, = p with type | error a?

Consider the ANOVA model: for I =1,....g,

X/;:u—l—[u,—u]—i—e/,-, €/,'NMNP(O,Z) id i=1,...,n.

An analogous decomposition of the observations:

X = X + [x; — X] +  [xi — X/
overall estm
obstn residual
( ) (sample mean) <trt efFect) (residual)
EXT -0 -% = TE aE-9&-x o+ £

=1 Z,ll((xlf — %) (xij — 7‘/)/

cor res)

SStr)



Multivariate ANOVA Table (n7 = >"% ; ny)

Source of Variation df SS
treatment g-1 SSue =Y 5, (X —X) (X — %)
error nT—g SSres =Y 5 g >ty (i — X;)(xi — X/)
total nr—1  SScor =% 5" (xi — X)(x)i — X)
To tes‘ts:n|Ho My = ... = pg using the Wilks' lambda statistic:
* res
A
> Reject Hp if A}, is small.

> Textbook Table 6.3 presents the distn of A*.

» We use software to implement the test (e.g. manova()
function in R).



11.3.3 Comparing Several Mean Vectors and Related (Chp 6.4, 6.6)

» The MNOVA model assumes the g populations have the same
population variance: X; ~ MN,(p;, X) for j=1,...,g.

> It appears easier to handle in Part 11.3.2 Comparing Mean Vectors
from Two Populations when the two populations have the same
variance.

Is there a way to test for equality of variance matrices?

Consider g populations: Xy, ..., Xg. Suppose X; ~ MN,(p;, X;) for
ji=1...,g.

Data. Xii,..., Xy, areiid observations on Xy; ...; X1, ..., Xg,,g are
iid observations on X.

Teston Hy : X = ... = X, = X with type | error o?



11.3.3 Comparing Several Mean Vectors and Related (Chp 6.4, 6.6)

Box’s M - Test.
For the multivariate normal populations with the given data, the
likelihood ratio statistic for testing Hy is

/\:f[( IS/| )(m—l)/2

=1 |Spooled|

S, is the /th group’s sample variance, and
Spooled = m{(nl — 1)51 + ...+ (ng — 1)Sg}

Box's M - statistic: M = —2InA
C = (1—u)M~ x?*(v) approximately under Hy

v=p(p+1)(g—1)/2 and v is given in (6-51) of the textbook. Reject
HO if Cops > Xlz,(()é).

» The approximation works well when n; > 20 for / =1,..., g, and
p<b5and g <b5h.



11.3.3 Two-Way Multivariate Analysis of Variance (Chp 6.7)
univariate 2-way ANOVA model: Suppose a study with two factors, one

with g levels and the other with b levels: the rth observation from the
group of (I, k)

Xikr = Mk + €nr = po+ 71+ Bie + Yik + €r
iid e, ~ N(0,0%) for I=1,...,g, k=1,....,b,and r=1,...,n, and
ST = Zzzl Bk =21k = Zzzl ik = 0.

To test on Hpy : 77 =0, Hoz : Bk = 0, and Hoiz : vk = 0, consider the
observation decomposition:

SScor = szacl + SSfacZ + SSint’ + Ssres

Source of Variation df SS F-value
factor 1 g1 SSpa  F1 = Jpone
factor 2 b-1 SSpz  Fr = o2

: . MSSi
interaction (g-1)(b-1)  SSin: Fio = MSS;’;:
error gb(n—1)  SSpes
total gbn—1 SScor

Reject Hop if F1,0bs > Fg—1,gb(n—1)(c), reject Hoz if
F2,obs > Fb—l,gb(n—l)(a)’ and reject Hpyo if
Fio.0bs > Flz—1)(b—1) gb(n—1) ().



11.3.3 Two-Way Multivariate Analysis of Variance (Chp 6.7)
Suppose a study with two factors, one with g levels and the other with b

levels: the rth observation from the group of (/, k)
Xikr = P + €kr = o+ T1+ By + Vi + €

iid €, ~ MN(0,X) for I=1,...,g, k=1,...,b,and r=1,...,n, and
b b
Z/gzl TI=) 41 B = Zig:;l Yik = Dk=1 Vi = 0.

To test on Ho1 : 7 =0, Hoz : B, =0, and Hop1z : v = 0, consider the
observation decomposition:

sscor = ssfacl + ssfac2 + ssint + SSres

Source of Variation df SS Wilks's lambda
factor 1 g-1 SStaa A= %
factor 2 bl SSue A= geoh

interaction (g-1)(b-1)  SSinx A2 = %
error gb(n—1) SS,
total gbn—1 SScor

Reject Hop if Aq ops is small, reject Hop if Ao ops is small, and reject Hoip
if A12.ops is small.



Example: Plastic film data (Textbook Example 6.13, p318)
P> responses: X; = tear resistance, X> = gloss, X3 = opacity. n = 5.

» factor 1: rate of extrusion — Low, High; factor 2: amount of an additive —
Low, High.
>

Factor 2: Amount of additive

Low High

Factorl Rep x1 x x3 x1 x X3

1 65 95 44 69 91 5.7

2 62 99 64 72 100 20

Low 3 58 96 30 69 99 39
4 65 96 41 61 95 19

5 65 92 08 63 94 57

6.7 91 28 71 92 84

66 93 41 70 88 5.2

High 72 83 38 72 97 69

71 84 16 75 101 27
68 85 34 76 92 19

a b, W N =




Example: Plastic film data (Textbook Example 6.13, p318)
» What we are comparing for Ho1 : 7/ =0, Hopz : 3, = 07

Factor2-Low Factor2-High
®
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Variables @ x1(tear) ® x2(gloss) © x3 (opacity)



Example: Plastic film data (Textbook Example 6.13, p318)

Cell mean

> What we are comparing for Hoi2 : 7, = 07

x1 (tear)

X2 (gloss)

x3 (opacity)

75

5.0

25

0.0

Factor1-Low Factor1-High Factor1-Low Factor1-High

Factor 2 — Factor2-Low --- Factor2-High

Factor 1

Factor1-Low Factor1-High

Response 0= x1 (tear) —®= x2(gloss) —®— x3 (opacity)




What will we study next?

» Part I. Introduction and Preparation

» Part Il. Inference under Multivariate Normal Distribution
(Chp 4-7)
» [I.1 Multivariate Normal Distribution (Chp 4)
» |1.2 Inferences on Mean Vector (Chp 5)
» /1.3 Comparisons of Several Mean Vectors (Chp 6)

» 11.4 Multivariate Linear Regression (Chp 7)
> 11.4.1 Introduction (Chp7.1)
11.4.2 Classical Linear Regression (Chp7.2-3)
11.4.3 Linear Regression Based Inference (Chp7.4-5)
11.4.4 Model Checking (Chp7.6)
11.4.3 Multivariate Multiple Regression (Chp7.7)

vvyyvyy

» Part Ill. Commonly-Used Multivariate Analysis Methods (Chp
811)
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