What to do today ?
Part I. Introduction and Preparation

Part Il. Inference under Multivariate Normal
Distribution (Chp 4-7)

I1.1 Multivariate Normal Distribution (Chp 4)
I1.2 Inferences on Mean Vector (Chp 5)

11.3 Comparisons of Several Mean Vectors (Chp 6)
11.3.1 Introduction (Chp 6.1)
11.3.2 Comparing Mean Vectors from Two Populations (Chp
6.2-3)
11.3.3 Comparing Several Mean Vectors and Related (Chp
6.4-6)
11.3.3 Two-Way Multivariate Analysis of Variance (Chp 6.7)

1.4 Multivariate Linear Regression (Chp 7)



I1.2 Inferences on Mean Vector ( Cf%) 5) - Review
Consider X ~ MN,(p, X): what are p and

Suppose Xi, ..., X, are iid observations on X, how to use the data to
make inference about w, such as estimating/testing on hypotheses about

u?
» Point Estimation on p and
> Method of Moments: The MME i = X =37, X;/n, the
sample mean, and ¥ = 1 37 (X; — X)(X; — X)' = 1S,
» Maximum Likelihood Estimation: The MLE j1 = X and
¥ =rlg
» Hypothesis Testing on Hy : p = g
> Wald-test: By Z = /nX?(X — pg) ~ MN(0,1) under Hy,
when X is known, consider the test statistic:

, _ ’ Z -1 _ 5
W=ZZ=(X-py) (;) (X — o) ~ x*(p) under Ho

rejection region. With pre-determined «,

R={w:w>(p)}
making decision. Reject Hy if W,ps € R; otherwise, accept Hp.



I1.2 Inferences on Mean Vector ( Cf%) 5) - Review
Consider X ~ MN,(p, X): what are p and

Suppose Xy, ..., X, are iid observations on X, how to use the data to
make inference about p, such as estimating/testing on hypotheses about
wn?

» Point Estimation on p and X
> Method of Moments: The MME s = X =37, X;/n, the
sample mean, and £ = 1 ™7 (X; — X)(X; — X)' = =18,
» Maximum Likelihood Estimation: The MLE fi = X and
3= ";nlS.
» Hypothesis Testing on Hy : p = p

> Hotelling's T2-test: By T = /nS™/2(X — pp) ~ MN(0,1)
under Hy when X is unknown, consider the test statistic:

, _ ’ S -1 _
W=TT=(X—p) (E) (X—pto) ~ T2(p,n—1) under Hy
rejection region. With pre-determined «,

R={w:w>T2(p,n—1)}
making decision. Reject Hy if W,ps € R; otherwise, accept Hp.



I1.2 Inferences on Mean Vector (Chp 5) - Review
Consider X ~ MN,(p, X): what are p and X7

Suppose Xy, ..., X, are iid observations on X, how to use the data to
make inference about p, such as estimating/testing on hypotheses about

u?
» Point Estimation on p and X
» Method of Moments: The MME i = X = Sy X,-/n, the
sample mean, and ¥ = 1 ™7 (X; — X)(X; — X)' = =18,
» Maximum Likelihood Estimation: The MLE ji = X and

A

_ n—1
> = "=S.
» Hypothesis Testing on Hy : p = p
» Likelihood ratio test:

o o n/2
Consider the test statistic A = H#o20) _ ( IZ| ) and A2/n

Lps) — \I%
is called Wilks's lambda.
rejection region. With pre-determined o, R = {\: A < ¢}
with ¢ determined by Py, (A < ¢) = a.
making decision. Reject Hy if Aops € R; otherwise, accept Hp.




I1.2 Inferences on Mean Vector ( Cf%) 5) - Review
Consider X ~ MN,(p, X): what are p and

Suppose Xy, ..., X, are iid observations on X, how to use the data to
make inference about u, such as estimating/testing on hypotheses about

wn?
» Confidence Regions of p
The 100(1 — a)% confidence region for p is

R(x1,...,%,) = {u : ((,:1__[1); < Fpn—p(c )}7 = (x—p) (*)

» Simultaneous comparison of component means
100(1 — «)% simultaneous confidence intervals for m quantities,

ajl,...,a,H
P !
» Bonferroni intervals: For ajpu,

aJ/->'( + t,,,l(aj/2), / aJ/-SaJ-/n

withj=1,...,mandtohavel — (a1 + ... +ap)=1—«
such as oj = o/ m.



I1.2 Inferences on Mean Vector (Chp 5) - Review
Consider X ~ MN,(p, X): what are p and X7

Suppose Xy, ..., X, are iid observations on X, how to use the data to
make inference about p, such as estimating/testing on hypotheses about

u?
» Confidence Regions of
The 100(1 — &)% confidence region for p is

(n—p)t? 2 _ (s 1o
Rl o) = L P ), = e (3) ke
(x1 Xn) n (n—1)p P p(a) (X—p) ( ) (x—n)
» Simultaneous comparison of component means
100(1 — «)% simultaneous confidence intervals for m quantities,
A, ..., a1

» Simultaneous confidence intervals:

for all a
ax+ \/(nn_lp)pr,,,_p(a)\/a’Sa/n




Examﬂe5 g/frrngtgftab o(o Tail length x;, Wing length x;)

> How to test on Hp : = (;gg) ?

X1 X2 X1 X2 X1 X2
191 284 | 186 266 | 173 271
197 285 | 197 285 | 194 280
208 288 | 201 295 | 198 300
180 273 | 190 282 | 180 272
180 275 | 209 305 | 190 292
188 280 | 187 285 | 191 286
210 283 | 207 297 | 196 285
196 288 | 178 268 | 207 286
191 271 | 202 271 | 209 303
179 257 | 205 285 | 179 261
208 289 | 190 280 | 186 262
202 285 | 189 277 | 174 245
200 272 | 211 310 | 181 250
192 282 | 216 305 | 189 262
199 280 | 189 274 | 188 258

s < _ (193.62 g _ (12069 122.35
= = \279.78) 122.35 208.54



Example: Bird Data (Tail length x;, Wing length x;)
Ho: p =y S Hi e # pg, a =0.05

» Compute the observed test statistic (given pg).

Tae = n(X — po)'S™HX — po)

— 45 3.6222 \ (120.69 122.34\ ' [ 3.6222 — 12,06
- —0.2222 ) \122.34 208.54 —-0.2222)

» Critical value (given ). Under normality assumption,

n—p 5
— T~ F,hp.
(n—1)p p,n—p
find critical value that:
2(45 -1
€0.05 = % F2743(0.95) = 6.578471.

where Py, (T2 > 6.578471) = 0.05.

> Is T3

Zbs N the rejection region?



11.2.4 Large Sample Inference on Population Mean (Chp5.5)

Consider iid p-dim r.v.s. Xy,...,X, with mean u and variance X. How
to make inference about pt?

> /nE Y3(X = ) = MN,(0,1) by CLT as (n — p) — oo.
n(X—p) TN (X -p)— X5 as (n— p) = oo.

> n(X —p) S HX —p) — X5 as (n—p) = oc.

Hypothesis Testing Hy : pt = pg vs Hi : o # pg.
> Use the test statistic T2 = n(X — pg) S™H(X — pg).
» Reject Hp if T2 > Xf,(oz). Xf,(oz) is the upper 100a-th percentile of
xa-distn.
Approximate 100(1 — a)% confidence region.

T2 = n(X — p) S™HX — p).

R(x1,...,x,) = {p: 2 < Xf,(oz)}



11.3 Comparisons of Several Mean Vectors (Chp 6)

Consider g populations: Xy, ..., Xg. Suppose X; ~ MN,(u;, X))
forj=1,...,8.

» how to compare fi1, ..., ug? (Chp 6.4-6)
» how about to compare p1, pp (i.e. g =2)? (Chp 6.2-3)

» what if the g groups may be looked by two ways: (/, k) for
I=1,...,aand k=1,...,b? (Chp 6.7)



11.3.2 Comparing Mean Vectors from Two
Populations (Chp 6.2-3)

Consider 2 populations: X1, X2. Suppose X; ~ MN,(p;, X;) for
j=1,2.

Goal. to compare pq and u,

> (i) to estm py — po?
» (ii) to test on Ho : g — pp = 8¢?

Data. Xi1,...,Xy,, are iid observations on Xy, and X, ..., Xz,
are iid observations on Xs.

The key idea is to use X; — Xo.
> E(X1—X2) = py — o
> Var(X; — Xp) = Var(X;) + Var(X,) — 2Cov(X1, X2)



11.3.2A Comparing Mean Vectors from Two
Populations (Chp 6.2-3)
Scenario A. X;1 X, and X1 =¥, =X

> E(X1—X2) = pq — pto
> Var()_(l — )_(2) = Var()_(l) + Var()_(g) — 2COV()_(1, )_(2) =

Z/nl + Z/n2
> Often Spoo/ed = n1,-7|}n_21—2sl + nl'jf;;_zSg is used to estimate X.
» The T? statistic follows the Hotelling's T2-distn

(n1+n2—2)

p .
ni+n—p—1 Fp,n1+n2—p—1 '

T2 = [()_(1—)_(2)—0!1—#2)}/ [(nil"_%)spooled] - [()_(1—)_(2)—0!1—#2)



11.3.2A Comparing Mean Vectors from Two
Populations (Chp 6.2-3)

» Hotelling's T2-test on Hp : p1; — ptr = &g
Test statistic Under Hy,
[()_(1—)_(2)—50] [(i-i-n%)spooled] o [()_(1—)_(2)—50]

m

(m+n—2)p F
Nt m—p_1 Pmtrp-l

> eg dp=0
» Example (see R code). Suppose p = 2, where the two components
represent some clinical markers (e.g. blood pressure, heart rate).
Population 1 is the control group, and population 2 is the treatment
group.
» The mean difference vector p; — p, describes how the treatment
affects these two outcomes jointly.
> Given the data, compute X; — X and Spooled. Compute the
observed test statistic T3 under Ho (i.e. given &p), and compare it
with the critical value. (R code: ((n1+n2-2)*p)/(n1+n2-p-1)
* gf (1-alpha, p, nl+n2-p-1))
What if ny + ny — p is large? T2 ~ Xg approximately.



11.3.2B Comparing Mean Vectors from Two
Populations (Chp 6.2-3)

Scenario B. XlJ_Xz and 21 7& 22

» Use S1,S;, to estimate X1, X5 correspondingly.

’

[()_(1*)_(2)*50] [nllSlJrnizsz] o [()_(1*)_(2)*50] ~ X5 (n—p,m—p — 00).

> T2~ X,2) approximately if ni, ny are large.

» T2's distribution is complicate if ny, no are not large.*



Example (Example 6.5, page 293) Electrical-consumption data.
X1, X2 are two different measurements of electrical usage.

The following summary statistics are given:

o _ (2044 g _ (138253 238234 s
1= \556.6)° 1= \23823.4 73107.4)° 1=

o _ (1300 g, _ (86320 196167 -
2= \355.0)° 27 119616.7 55964.5) 2=

To test Hy : oy — o =0



11.3.2C Comparing Mean Vectors from Two
Populations (Chp 6.2-3)

Scenario C. X; [ X,

> If there is a good estimator for o
Var(X; — X2) = Var(Xy) + Var(Xz) —2Cov(X1, X2), denoted

A~

by Mp,
consider T2 = |(X; — X3) — 50}/ [ﬁn} - [()_(1 —X3) — 50} ?

> |f observations on the two populations X; and X, are in pairs:
(X1i,Xgi) fori=1,...,n,

change the two-population problem into a one-population
problem: D = X; — X, with iid observations D; = X1; — Xy,
fori=1,...,n



Example (Example 6.1, page 276) Measures of biochemical
oxygen demand (BOD) and suspended solids (SS) of n =11
sample splits from two labs. Do the two labs' analyses agree?

TOteStHo:/,l;d:[J/C—[J,S:O.



11.3.3 Comparing Several Mean Vectors and Related (Chp 6.4, 6.6)

Consider g populations: Xy,...,X,. Suppose X; ~ MN,(u;, X;) for
ji=1...,8.

Goal. to compare py, ..., H,

Data. Xi1,..., Xy, are iid observations on Xy; ...; Xg1,...,Xg,, are
iid observations on X,.

Test on Ho : py = ... = p, = p with type | error a?

» When g = 2, by the procedures in Part 11.3.2 (Chp6.2-3), compare
the two population means in Scenarios A-C.

For g > 2, consider pairwise comparisons?

e.g. g =3, consider Ho1 : pt; = pp, Hoo @ oy = p3, and Hoz @ i3 = pq,
each with the adjusted type | error by the Bonferroni correction of «/37



11.3.3 Comparing Several Mean Vectors and Related (Chp 6.4, 6.6)
Consider g populations: Xy,...,Xs. Suppose X; ~ MN,,FHJ-, X)) for

j=1...,g.
Goal. to compare py, ..., p,

Data. Xii,..., Xy, areiid observations on Xy; ...; X1, ..., Xg,,g are
iid observations on X.

Test on Ho : py = ... = p, = p with type | error a?

Have we studied anything on how to deal with a related problem?

» When p =1, by the (univariate) ANOVA (analysis of variance), compare
the g population means

Consider the ANOVA model: for I =1,...,g,
Xi = p+ [ — p] + €, e~ N(O,a2) iid i=1,...,n.
An analogous decomposition of the observations:
Xii = X + [x — X] + o — X

(obstn) ( overall ) ( estm ) (residual)

sample mean trt effect

1 o (xi — ’?)2 = Yiim(x— ’?)2 + X >y (a — )_‘/)2
(Sscor) (Sstr) (Ssres)



(Univariate) ANOVA Table (n7 = >_% | n/)

Source of Variation df SS MSS F-value

treatment g-1 5S¢ %”1‘) F= %
error nr—g SSes (nTSng)
total nr—1 SSc» (,fTSf’l)
To test on Hp : p13 = ... = g at level o using

. SStrt/(g - 1)
= S5 /(nr—g) Flg =1,nt —g)

under Hy.

Can it be extended to multivariate settings?



11.3.3 Comparing Several Mean Vectors and Related (Chp 6.4, 6.6)
Consider g populations: Xy,...,Xs. Suppose X; ~ MN,,FHJ-, X)) for
j=1...,g.

Goal. to compare py,. .., p,

Data. Xy, ..., Xy, are iid observations on Xy; ...; Xg1,...,Xg,, are
iid observations on X.

Test on Ho : py = ... = p, = p with type | error a?

Consider the ANOVA model: for I =1,....g,

X/;:u—l—[u,—u]—i—e/,-, €/,'NMNP(O,Z) id i=1,...,n.

An analogous decomposition of the observations:

X = X + [x; — X] +  [xi — X/
overall estm
obstn residual
( ) (sample mean) <trt efFect) (residual)
EXT -0 -% = TE aE-9&-x o+ £

=1 Z,ll((xlf — %) (xij — 7‘/)/

cor res)

SStr)



Multivariate ANOVA Table (n7 = >"% ; ny)

Source of Variation df SS
treatment g-1 SSue =Y 5, (X —X) (X — %)
error nT—g SSres =Y 5 g >ty (i — X;)(xi — X/)
total nr—1  SScor =% 5" (xi — X)(x)i — X)
To tes‘ts:n|Ho My = ... = pg using the Wilks' lambda statistic:
* res
A
> Reject Hp if A}, is small.

> Textbook Table 6.3 presents the distn of A*.

» We use software to implement the test (e.g. manova()
function in R).



What will we study next?

» Part I. Introduction and Preparation

» Part Il. Inference under Multivariate Normal Distribution
(Chp 4-7)
» 1.1 Multivariate Normal Distribution (Chp 4)
» /1.2 Inferences on Mean Vector (Chp 5)
» 11.3 Comparisons of Several Mean Vectors (Chp 6)
» [1.3.1 Introduction (Chp 6.1)
» /1.3.2 Comparing Mean Vectors from Two Populations (Chp
6.2-3)
» [1.3.3 Comparing Several Mean Vectors and Related (Chp
6.4-6)
> 11.3.4 Two-Way Multivariate Analysis of Variance (Chp
6.7)

» [1.4 Multivariate Linear Regression (Chp 7)
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