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1.2.1. Why do we need matrix/vector algebra in
STAT445/6457

Simple linear regression:
Y =0Bo+6X+e, E(e)=0, V(e) = 0>

with observations {(xl,yl), A (x,,,y,,)} from n independent units.
Thatis, fori=1,...,n,

Vi =Bo+ Bxi+ei, E(e)=0, V() =02

with €1, ..., €, indpt.

> LSE: Q—Mﬂ

% S =y — px.
> V(B)=0%/Sxx and V(Bo) = 02[L + £ ];
62 =250 (i — 9i)2

Q>




How about to consider
Y =Bo+ X+ BoXo+ € E(€) =0, V(e) =0

with observations {(x11, %21, Y1), - - ., (X1n, X2n, ¥n) } from n
independent units?
Thatis, fori=1,...,n,

Vi = Bo+ Bixii + Baxai +ei, E(ei) =0, V(e;) = o?

with €1,..., €, indpt.
> LSE fOI’ 507/81752?
» How about the estimators’ variances?

~2 1 n 2
> 5% =5 L€ with

e =y — Vi = yi — [Bo + Pixui + Baxail.




What if
Y =80+ 51Xt + ...+ BpXp e, E(e)=0, V(e)=o0?

with observations {(X117 e XpLy Y1)s -, (X1, - 7xp,,,y,,)} from n
independent units?

What if to study how (Y4,..., Yk) depends on (Xi,...,X;)?

— vector/matrix algebra as a tool for communication in
general, together with software packages such as R and SAS to
conduct the required computing.



1.2.2. Notation and Basic Definitions
» a real number; a scalar; a physical quantity

eg. a=36, b=-721, x=5, y=+8

> A vector is a group of p numbers/elements arranged in a
column: a p-dim vector.

X1 y1

L0 —.6 X2 2
a=123], b= 5 , x=1 .1, y=1.
4.7 ' 1 1

Xp Yn

» A p x g matrix is a group of pg numbers/elements arranged
into a rectangular array with p rows and g columns.

1.0 8 yuu ... Yig
A:<2.3 6),3:[5.9 by m],x:(al),vz S
5

4.7 9. Vol oo Yea



An p X g matrix is called a square matrix if p = q.

An p X g matrix is a row vector if p = 1; a column vector if
g=1;ascalarif p=qg=1.

Two matrices A = (a,-j) and B = (b,-j) are the same iff
a,-j = b,'j: A = B.

A square matrix A = (a,-j) is diagonal if all its off-diagonal
elements are zero: a;; = 0 if i # j.

eg. A= <1(')3 g) denoted by A = diag(1.3,6).
10

B=(0 6 0 |, denoted by B = diag(1,6,3.5).
00

Two important matrices: the identity matrix
| = diag(1,...,1); the zero matrix 0 = diag(0,...,0).



1.2.3. Vector Operations

» addition. The sum of two p-dim vectors a and b is a new
p-dim vector c = a + b:

ar by a1+ by c1
ap bp ap + bp Cp
e.g.
1 6.7 7.7
x=133], y=\|-12], x+y=121
-5 9 8.5

» scalar multiplication. If a is a scalar and x is a p-dim vector
with components (entries) x;, the product ax is a new p-dim
vector with components ax;.

e.g.
1 10
a=10, x=133 |, ax=| 33
-5 -5



» subtraction. The subtraction of two p-dim vectors a and b is
a new p-dim vector ¢ = a — b, which is a+ (—1)b.
e.g.

1 6.7 —5.7
x=|(33], y=[|-12], x—y=| 45
-5 9 —9.5
> The vector y = ai;x1 + ... + axXk is a linear combination of
the vectors xp, ..., Xk.
» |If there exist k numbers ¢y, ..., ck, not all zero, such that
c1X1 + ...+ ckxx = 0, the vectors x1,...,x, are linearly
dependent.

Otherwise the set of vectors are linearly independent (Iff No
vector in the set can be built linearly using the others).
» Every p-dim vector can be expressed as

1 0 0
0 1 0
a=a|.|+a|.|+.---a]|.]|=ae+...+ ap€p.
0 0 1
The set linearly independent vectors ey, ..., e, is a basis for

the p-dim vector space, and ay, ..., a, are the coordinates of a.



» The inner product of two p-dim vectors x and y is
X1y1+xoy2 + ...+ XpYp,

denoted by X'y = y'x.
» The length of a p-dim vector x is

x| = \/xZ + ...+ x2.

Itis Ly = Vx'x.
> The angle 6 between two p-dim vectors x and y is determined
from ) )
Xy Xy
cos(0) = = — —.
[Ix[I[yl| VX X\YYy




Geometric interpretation

» a 2-dim vector x; ||x||; a scalar multiplication ax.

» addition of two 2-dim vectors x and y; inner product of them



1.2.4. Matrix Operations

> The transpose of A = (a;) is A" = B = (b;) with b; = aj;.

> scalar multiplication. Let ¢ be a scalar and A = (a;). Then
cA = (blj) with b,‘j = cajj.

» The addition of A = (a,-j) and B = (bu) is
A+B=C= (C,J) with c,-j:a,-j—i—b,-j.

> subtraction. A — B = C = (¢;) with ¢; = a; — bj.

Properties. Associative property; distributive property;
commutative property



» matrix multiplication. The product of p x g matrix
A= (a,-j) and g X k matrix B = (b,-j) is AB=C = (C,_,) a
p % k matrix with ¢; = Y7, aiby;.

Properties. Associative; distributive over addition; not
commutative (!); (AB)' = B'A’



> The inverse of a square matrix A = (a;;) is B = A~! such
that BA = AB = I, the identity matrix.

> If A= exists, A is invertible (nonsingular, full rank).
> (AB)~! = B~1A~! if well-defined.
> (A')1 = (A1) if well-defined.

> If A'A =1, A is orthogonal.
Iff A" = A~1, A is orthogonal.



» The determinant of a square matrix A = (a,-j)kxk is denoted
by |A| or det(A):

’A’ = ai1i, k=1

Al =35 (1) Hag|Ayl, k> 1

where Ayj is the (k — 1) x (k — 1) matrix obtained from A
after deleting its first row and jth column.

e.g.
12 » 3
=1x4](-1)°+2%|3](-1)> = -2
3 4
3 1 6
P TP S A I A N DV
; _47 ?_3* - 1‘( 1) +1*’2 1’( 1) +6*’2 _7‘( 1)* = —222.

Property. |A| = |A'|; |[A~1| = |A|"; |AB| = |A||B]; [cA| = c|A|.




» The trace of a square matrix A = (a,-j)
k
tr(A) = > -1 dii-

kxk 'S

Property.
> tr(cA) = ctr(A).
» tr(A+ B) = tr(A) + tr(B).
» tr(AB) = tr(BA).

> tr(AA) = 21, j'(:]. aj.



Part I.3. Introduction to R



Part I.3. Introduction to R

Examples of using R:

» as a calculator ...

» use its functions and create functions ...

» conduct data analyses ...



What will we study in the next class?

> Part |. Introduction and Preparation

» |.1. General Introduction

» |.2. Review on Matrix Algebra

» [.3. Introduction to R

» |.4. Multivariate Random Variables and Distributions

» Part Il. Inference under Multivariate Normal Distribution
(Textbook Chp 4-7)

» Part Ill. Commonly-Used Multivariate Analysis Methods
(Textbook Chp 8-11)

» Part |V. Other Topics (Textbook Chp 12)
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