What to do today?

Part I. Introduction and Preparation
I.1. General Introduction
1.2. Review on Matrix Algebra (Chp 2.1-4, Supplement 2A)
1.3. Introduction to R (More at the 1st tutorial)
1.4. Multivariate Random Variables and Distributions
(Chp 1, 2.5-6, 3)

Part Il. Inference under Multivariate Normal Distribution (Chp 4-7)

11.1 Multivariate Normal Distribution (Chp 4)
11.1.1 Multivariate Normal Distribution I\/IN,,(;L7 Z) (Chp
4.1-2)

Part 1ll. Commonly-Used Multivariate Analysis Methods (Chp
8-11)

Part IV. Other Topics (Chp 12)



Part 1.4.1 Random Vectors and Matrices (Chp 2.5): Review

> random vector (multivariate random variable).

X1
Xz ,
X = : = (X1, X2,...,Xp)
Xp
is a p-dim random vector if Xi,..., X, are r.v.s.
> distribution. The cdf of X is the joint cumulative distribution
function (joint cdf) of Xi,..., Xp: for x = (x1, X2, ..., Xp) ,

F(X):P(XSX):P(Xl §X1,...,Xp§Xp).

» Suppose the study has n subjects with Xy, ..., X, their observations
on the p-dim r.v. X =(Xy,...,X,) . A nx p random matrix:
X11 X12 . le X/l

X21 X22 . X2p X2

X Xo2 -0 Xop X'

n



Part 1.4.2 Mean Vectors and Covariance Matrices: Review

> expectation (population mean) of p-dim random vector

7

X=(X,...,X,):
E(X) = (E(X1), E(X2),..., E(X})) -
denoted by g = (11, ... ,up),.
> (population) variance matrix. p-dim r.v. X's variance:
V(X) = E[X ~ E(X)] [X — E(X)] = E(XX') — (EX)(EX)’,
denoted by ¥ = (o) with j; = 0j; = Cov(X;, X;).
» population correlation matrix. A standardized variance-covariance

matrix: p = (p;) with p; = cor(X;, X;) = 0;/\/7ii / /o5 and thus
pii = 1.

With V = diag (011, ...,0p), p =V V/2EV~Y2 ¥ = V1/2pyl/2



> The covariance of two random vectors X and Y is
Cov(X,Y) = E[X = E(X)][Y — E(Y)] .

» linear combinations of r.v.s.
» Suppose Y =1 X1 +FoXo+ ...+ X, = c X.
> E(Y)=cE(X)+ @EX) + ...+ E(X,) = ¢ p.
> V(Y)=c V(X)c=c Zc

If Xi,...,Xp are indpt,

V(Y) = c'diag(o%, .., 05)c= 1 cio?.

» Suppose ZJ = Cj1X1 + Cj2X2 +...+ ijXp forj=1,...,q, and
Z=(2,..., Zq) = CoxpXpx1-

> E(Z) = CE(X) =Cp.
> V(Z)=cv(X)C' =cxC’.
» Suppose U = AX and W = BY.

> Cov(U,W) = ACov(X,Y)B’



Part 1.4.3 Descriptive Multivariate Ana/{sis: Review
Summary Statistics: Suppose a study has n iid observations Xi,..., X,

on a p-dim rv. X = (Xy,...,X,) with E(X) = g and V(X) = X.
> E(X;))=pand V(X;)=XZfori=1,...,n.

- - - / . -_
> sample mean vector X = (Xi,...,%,) with X; =>.1 | x;/n.
» sample variance matrix
S11 S12 ... Sip
521 S22 ... S2p
S, =
Spl  Sp2  --- Spp

with Sik = Z?:l(xij — )_<j)(X,'k — >_<k)/n.

> sample correlation matri

na ... np
1 1 np

R =
I’p1 rp2 1

Sjk

with rik = NN




Part 1.4.4 More on Descriptive Multivariate Analysis
(Chp 3.3)

Consider X1,..., X, be a random sample from the population with
population mean p and variance X.

» That is, Xy,...,X, are iid observations on X with E(X) = p
and V(X) = X.

» The sample mean )_S: (X1 + ...+ X,)/nis an unbiased
estimator of p: E(X) = L.

» The sample variance matrix S,, = <27:1 X,-X;. — n)_()_('>/n is
an biased estimator of X: E(S,,) =1y,

n

» (unbiased) sample variance-covariance matrix:

n =/

1 < -
S=_——Sn= n_lg(xi—X)(X;—X)

n—



Part 11.1.1 Multivariate Normal Distribution
MNp(u, Z) (Chp 4.1-2)

The most important distribution in all of Statistics is the normal
(Gaussian) distribution.

Review on univariate normal distribution N(u,o?):

Definition. A r.v. X has a normal distribution if its pdf

1 1/x—p\2
C2) _ K _
f(x;p,0%) = 27TUzexp{ 2( . >}, 00 < x < 00,
where o > 0. Denote it by X ~ N(u,0?).

> If X ~ N(u,0?), E(X) = pand V(X) = o2

» N(u,0?): a family of distributions.

> e.g. N(0,1), the standard normal distribution.
F(x) of N(0,1) is often denoted by ®(x) and the rv by Z.
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More about the normal distributions ...
» The pdf is symmetric about p.
» As i changes, the mode of the pdf curve shifts accordingly.

> As o increases, the spread of the pdf curve increases.



Part 11.1.1 Multivariate Normal Distribution
MNp(u, Z) (Chp 4.1-2)

What is a multivariate normal distribution?

Definition. A r.v. X has a normal distribution if its pdf

1 1 _
fF(x; 1, 0%) = Wexp{—E(X—u)a 2(x—p)}, —00 < x < o0,

where o > 0. Denote it by X ~ N(u,c?).



Part 11.1.1 Multivariate Normal Distribution
MNp(u, Z) (Chp 4.1-2)

11.1.1A. Multivariate normal distribution

Definition. A p-dim r.v. X has a normal distribution if its pdf

f(x;puX)=

1 1 /
expi —=(x—p) T} (x— }, —00 < x < 00,
e p{—50—n) =7 (x—1)
where X is positive definite. Denote it by X ~ MN,(u, X).

> If X ~ MNy(p, X), E(X) = p and V(X) = X.
» MNp(p, X): a family of (multivariate) distributions.
> e.g. MN,(0,1), the standard (multivariate) normal distribution.
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(c) BN(p, X) (d) Contour

> (1) = (0,0) and X = diag(1,1); (2) = (0.5,—0.5) and

1.2 0.75
x= <0,75 1.2)



More about the normal distributions ...
» The pdf is symmetric about p.
> As p changes, the mode of the pdf curve shifts accordingly.

» As X changes, the spread and/or shape of the pdf surface
change accordingly.



Contour of (3) Contour of (4)

> (1) = (0,0) and X = diag(1,1); (2) g = (0.5, —0.5) and E = diag(1, 1);

' 1.2 075 ’ 1.2 —0.75
> @) p=(00 andx= (0.75 1.2>; (#) e =(0,0) and X = (—0.75 1.2 )



11.1.1B. Shape of Multivariate Normal Density

Suppose X ~ BN(p, X): its pdf

1 1 /
f(x;pu,X) = exp {_E(X_M) Z_l(x—u)}, —00 < X < 00,

V[2rX|
o? p0102>

where p = (M17N2)/ and I = (aij) - <PC’10’2 U%

> If p=0, f(x; u, X) = d(x1; 1, 02)p(x2; 12, 03): d(x; p, 02 is
the pdf of X ~ N(u,c?).

» The density f(x; p, X) is a constant for all x = (xl,xz)/ satisfy
(x — ) T (x — p) = 2. (It defines an ellipse centered at

o= (p1,p2) )



Normal density contour:

{x:(x=p) T (x—p)=c*}
> It defines an ellipse centered at g = (pu1, p2)’ .

» The ellipse’s axes are £c+/\je; for j = 1,2, where )\, e; are
eigenvalue and eigenvector pairs of X.



11.1.1C. Important Properties of Multivariate Normal
Distribution

> If X ~ MN,(1t, ), Y = A’ X +d ~ MN,(A'n +d,A'ZA).

e.g.
Y = T Y2(X — ) ~ MN,(0,1).

> X ~ MN,y(u,X) <= a'X ~ N(a'p,a Xa) for any a € RP.

More generally, X ~ MN,(p, X) <=
A'X ~ MNy(A'p, A'EA) for any A € RP*9.

The normality is preserved under any linear transformation.



> If X ~ MNy(p, X) and
X1 I Ty Ip
X - ) - 9 Z - )
Ge) () == (30 =)
X1 ~ MNpl([,tl, 211) and X2 ~ M/VPQ(/,IQ, 222).

> If X1 ~ MN,, (p1, X11) and Xp ~ MNp, (10, X22), then Xy
and X, are independent <—

(X By >, 0
X= (X2> MNP1+P2< </J'2> ) ( 0 222 )



X1 My 2 Xpp > .
> = ~
If X <x2) M/\/p1+p2(<“2),<221 }:22> with X

invertible (i.e. |X22| > 0), the conditional distribution
X1‘X2 = X2 is

MNPl(/"’l + 21222_21(X2 — [L2), 211 — 21222_21221).

> If X ~ MNy(p, X) with X invertible,
(X—p)Z (X —p) ~ XI23' the Chi-square distribution with
degree of freedom p.



What will we study next?

» Part I. Introduction and Preparation

» Part Il. Inference under Multivariate Normal Distribution
(Chp 4-7)
» 11.1 Multivariate Normal Distribution (Chp 4)
» 11.2 Inferences on Mean Vector (Chp 5)
» /1.3 Comparisons of Several Mean Vector (Chp 6)
» [1.4 Multivariate Linear Regression (Chp 7)

» Part Ill. Commonly-Used Multivariate Analysis Methods (Chp
811)
» Part |V. Other Topics (Chp 12)
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